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A TOEPLITZ TYPE OPERATOR ON HARDY SPACES IN THE UNIT
BALL
JORDI PAU AND ANTTI PERA¨LA¨
Abstract. We study a Toeplitz type operatorQµ between the holomorphic Hardy spaces
Hp and Hq of the unit ball. Here the generating symbol µ is assumed to a positive
Borel measure. This kind of operator is related to many classical mappings acting on
Hardy spaces, such as composition operators, the Volterra type integration operators and
Carleson embeddings. We completely characterize the boundedness and compactness of
Qµ : H
p → Hq for the full range 1 < p, q < ∞; and also describe the membership in the
Schatten classes of H2. In the last section of the paper, we demonstrate the usefulness of
Qµ through applications.
1. Introduction and main results
Let Bn = {z ∈ C
n : |z| < 1} be the open unit ball in Cn, the Euclidian space of complex
dimension n. For any two points z = (z1, . . . , zn) and w = (w1, . . . , wn) in C
n we write
〈z, w〉 = z1w¯1 + · · ·+ znw¯n,
and
|z| =
√
〈z, z〉 =
√
|z1|2 + · · ·+ |zn|2.
For a positive Borel measure µ on Bn, the Toeplitz type operator Qµ is defined as
Qµf(z) =
∫
Bn
f(w)
(1− 〈z, w〉)n
dµ(w), z ∈ Bn.
In the one variable setting, the operator Qµ appeared in [15], where a description of
the membership of Qµ in the Schatten ideals Sp of the Hardy space H
2 was obtained. As
mentioned in that paper, this operator is closely related with the study of composition
operators, and later on in [2] a connection with a Volterra type integration operator was
given. As far as we know, it seems that the operator Qµ has not been studied in the setting
of Hardy spaces in the unit ball.
2010 Mathematics Subject Classification. 47B35, 30H10.
Key words and phrases. Hardy spaces, Toeplitz operators, tent spaces, Schatten classes.
The first author was partially supported by DGICYT grant MTM2014-51834-P (MCyT/MEC) and the
grant 2017SGR358 (Generalitat de Catalunya). The second author acknowledges financial support from
the Spanish Ministry of Economy and Competitiveness, through the Mar´ıa de Maeztu Programme for Units
of Excellence in R&D (MDM-2014-0445). Both authors are also supported by the grant MTM2017-83499-P
(Ministerio de Educacio´n y Ciencia).
1
2 JORDI PAU AND ANTTI PERA¨LA¨
For 0 < p <∞, the Hardy space Hp := Hp(Bn) consists of those holomorphic functions
f in Bn with
‖f‖pHp = sup
0<r<1
∫
Sn
|f(rζ)|p dσ(ζ) <∞,
where dσ is the surface measure on the unit sphere Sn := ∂Bn normalized so that σ(Sn) = 1.
Moreover, any function in Hp has radial limits f(ζ) = limr→1− f(rζ) for a.e. ζ ∈ Sn; and
H2 becomes a Hilbert space when endowed with the inner product
〈f, g〉H2 =
∫
Sn
f(ζ)g(ζ)dσ(ζ).
We refer the reader to the books [24] and [29] for the theory of Hardy spaces in the unit
ball.
We completely describe the boundedness of Qµ : H
p → Hq for 1 < p, q < ∞ (the case
p 6= q seems to be new even in one dimension), as well as characterizing its membership in
Sp(H
2), thus generalizing Luecking’s results to higher dimensions.
Before stating the main results of the paper, we recall the concept of a Carleson measure.
For ζ ∈ Sn and δ > 0 consider the non-isotropic metric balls
Bδ(ζ) =
{
z ∈ Bn : |1− 〈z, ζ〉| < δ
}
.
A positive Borel measure µ on Bn is said to be a Carleson measure if there exists a constant
C > 0 such that
µ
(
Bδ(ζ)
)
≤ Cδ n
for all ζ ∈ Sn and δ > 0. Obviously every Carleson measure is finite. Ho¨rmander [12]
extended to several complex variables the famous Carleson measure embedding theorem
[4, 5] asserting that, for 0 < p < ∞, the embedding Id : H
p → Lp(µ) := Lp(Bn, dµ) is
bounded if and only if µ is a Carleson measure.
More generally, for s > 0, a finite positive Borel measure on Bn is called an s-Carleson
measure if there exists a constant C > 0 such that µ(Bδ(ζ)) ≤ Cδ
ns for all ζ ∈ Sn and
δ > 0. We denote by ‖µ‖CMs the infimum of all possible C above.
It is well known (see [28, Theorem 45]) that µ is an s-Carleson measure if and only if
for each (some) t > 0 one has
(1.1) sup
a∈Bn
∫
Bn
(1− |a|2)t
|1− 〈a, z〉|ns+t
dµ(z) <∞.
Moreover, with constants depending on t, the supremum of the above integral is comparable
to ‖µ‖CMs.
In [9], Duren gave an extension of Carleson’s theorem by showing that, for 0 < p < q <
∞, one has that Id : H
p → Lq(µ) is bounded if and only if µ is a q/p-Carleson measure.
Moreover, one has the estimate ‖Id‖Hp→Lq(µ) ≍ ‖µ‖
1/q
CMq/p
. A simple proof of this result, in
the setting of the unit ball, can be found in [20] for example.
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Our first result characterizes the boundedness of the Toeplitz type operator Qµ : H
p →
Hq when 1 < p ≤ q in terms of s-Carleson measures.
Theorem 1. Let 1 < p ≤ q < ∞ and µ be a positive Borel measure on Bn. Then
Qµ : H
p → Hq is bounded if and only if µ is an (1 + 1
p
− 1
q
)- Carleson measure. Moreover,∥∥Qµ∥∥Hp→Hq ≍ ∥∥µ∥∥CMs.
The notation A ≍ B means that the two quantities are comparable, and ‖T‖X→Y denotes
the norm of the operator T : X → Y .
For ζ ∈ Sn and γ > 1 the admissible approach region Γγ(ζ) is defined as
Γ(ζ) = Γγ(ζ) =
{
z ∈ Bn : |1− 〈z, ζ〉| <
γ
2
(1− |z|2)
}
.
As we will see later, for most of the properties we will use, the choice of γ is not important.
For a positive Borel measure µ on Bn, we set
µ˜(ζ) =
∫
Γ(ζ)
(1− |z|2)−ndµ(z), ζ ∈ Sn.
The characterization of the boundedness of Qµ from H
p to Hq in the case 1 < q < p <∞
will be given in terms of the function µ˜.
Theorem 2. Let 1 < q < p < ∞ and µ be a positive Borel measure on Bn. Then
Qµ : H
p → Hq is bounded if and only if µ˜ belongs to Lr(Sn) with r = pq/(p−q). Moreover,
one has ∥∥Qµ∥∥Hp→Hq ≍ ∥∥µ˜∥∥Lr(Sn).
For 0 < p <∞, a compact operator T acting on a separable Hilbert space H belongs to
the Schatten class Sp := Sp(H) if its sequence of singular numbers belongs to the sequence
space ℓp (the singular numbers are the square roots of the eigenvalues of the positive
operator T ∗T , where T ∗ is the Hilbert adjoint of T ). We refer to [30, Chapter 1] for a brief
account on Schatten classes.
Our next main result (see Theorem 10 in section 6) is a complete characterization of the
membership in the Schatten class Sp(H
2) of the Toeplitz type operatorQµ. One description
is similar to the one obtained by Luecking [17] in the one dimensional case, and we also
obtain another description in terms of a Berezin type transform.
The paper is organized as follows: first some background and preliminary results are
given in section 2. In section 3 we prove Theorem 1, and section 4 is devoted to the proof of
Theorem 2. A description of the compactness ofQµ : H
p → Hq for 1 < p, q <∞ is obtained
in section 5, and in section 6 a characterization of the membership of Qµ in the Schatten
ideal Sp(H
2) is provided. Finally, the last section contains some applications to weighted
composition operators, Volterra type integration operators and Carleson embeddings.
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Finally some words on the notation. For 1 < p < ∞, we let p′ to denote the conjugate
exponent of p. We use dv for the normalized volume measure on Bn, and for α > −1, we
set dvα(z) = cα(1 − |z|
2)αdv(z), where cα is a constant taken so that vα(Bn) = 1. The
notation a . b means that there is a finite positive constant C with a ≤ Cb. Also, we use
the notation a & b to indicate that b . a.
2. Preliminaries
In this section we collect some facts needed for the proofs of the main results.
2.1. Admissible maximal and area functions. For ζ ∈ Sn and γ > 1, recall that the
admissible approach region Γγ(ζ) is defined as
Γ(ζ) = Γγ(ζ) =
{
z ∈ Bn : |1− 〈z, ζ〉| <
γ
2
(1− |z|2)
}
.
If I(z) = {ζ ∈ Sn : z ∈ Γ(ζ)}, then σ(I(z)) ≍ (1 − |z|
2)n, and it follows from Fubini’s
theorem that, for a positive function ϕ, and a finite positive measure ν, one has
(2.1)
∫
Bn
ϕ(z) dν(z) ≍
∫
Sn
(∫
Γ(ζ)
ϕ(z)
dν(z)
(1− |z|2)n
)
dσ(ζ).
This fact will be used repeatedly throughout the paper.
For γ > 1 and f continuous on Bn, the admissible maximal function f
∗
γ is defined on Sn
by
f ∗(ζ) = f ∗γ (ζ) = sup
z∈Γγ(ζ)
|f(z)|.
We need the following well known result on the Lp-boundedness of the admissible maximal
function that can be found in [24, Theorem 5.6.5] or [29, Theorem 4.24].
Theorem A. Let 0 < p <∞ and f ∈ H(Bn). Then
‖f ∗‖Lp(Sn) ≤ C‖f‖Hp.
Another function we need is the admissible area function Aγf defined on Sn by
Af(ζ) = Aγf(ζ) =
(∫
Γγ(ζ)
|Rf(z)|2 (1− |z|2)1−ndv(z)
)1/2
.
For a function f holomorphic in Bn, here Rf denotes the radial derivative of f , that is,
Rf(z) =
n∑
k=1
zk
∂f
∂zk
(z), z = (z1, . . . , zn) ∈ Bn.
The following result [1, 11, 20, 22] characterizes the membership in the Hardy space in
terms of the admissible area function.
Theorem B. Let 0 < p < ∞ and g ∈ H(Bn). Then g ∈ H
p if and only if Ag ∈ Lp(Sn).
Moreover, if g(0) = 0 then
‖g‖Hp ≍ ‖Ag‖Lp(Sn).
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As said before, all the results here are independent of the aperture γ > 1 and, for that
reason, from now on we omit it from the notation.
Luecking’s theorem: We will also need the following result essentially due to Luecking
[16] (see also [20]) describing those positive Borel measures for which the embedding from
Hp into Ls(µ) is bounded when s < p.
Theorem C. Let 0 < s < p < ∞ and let µ be a positive Borel measure on Bn. Then the
identity Id : H
p → Ls(µ) is bounded, if and only if, the function defined on Sn by
µ˜(ζ) =
∫
Γ(ζ)
(1− |z|2)−ndµ(z)
belongs to Lp/(p−s)(Sn). Moreover, one has ‖Id‖Hp→Ls(µ) ≍ ‖µ˜‖
1/s
Lp/(p−s)(Sn)
.
Finally, we will use the following integral estimate. It can be found in [3] and [13].
Lemma D. Let 0 < s <∞ and λ > nmax(1, 1/s). If µ is a positive measure, then∫
Sn
[∫
Bn
(
1− |z|2
|1− 〈z, ζ〉|
)
dµ(z)
]s
dσ(ζ) ≤ C
∫
Sn
µ(Γ(ζ))sdσ(ζ).
2.2. Separated sequences and lattices. A sequence of points {zj} ⊂ Bn is said to be
separated if there exists δ > 0 such that β(zi, zj) ≥ δ for all i and j with i 6= j, where
β(z, w) denotes the Bergman metric on Bn. This implies that there is r > 0 such that the
Bergman metric balls Dj = {z ∈ Bn : β(z, zj) < r} are pairwise disjoint.
Let D(a, r) = {z ∈ Bn : β(a, z) < r} be the Bergman metric ball of radius r > 0 centered
at a point a ∈ Bn. We need a well-known result on decomposition of the unit ball Bn. By
Theorem 2.23 in [29], there exists a positive integer N such that for any 0 < r < 1 we can
find a sequence {ak} in Bn with the following properties:
(i) Bn = ∪kD(ak, r).
(ii) The sets D(ak, r/4) are mutually disjoint.
(iii) Each point z ∈ Bn belongs to at most N of the sets D(ak, 4r).
Any sequence {ak} satisfying the above conditions is called an r-lattice (in the Bergman
metric). Obviously any r-lattice is a separated sequence.
2.3. Tent spaces of sequences. For 0 < p, q < ∞ and a fixed separated sequence
Z = {zj} ⊂ Bn, let the tent space T
p
q = T
p
q (Z) consist of those sequences λ = {λj} of
complex numbers with
‖λ‖p
T pq
=
∫
Sn
( ∑
zj∈Γ(ζ)
|λj|
q
)p/q
dσ(ζ) <∞.
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Proposition E. Let Z = {aj} be a separated sequence in Bn and let 0 < p < ∞. If
b > nmax(1, 2/p), then the operator TZ : T
p
2 (Z)→ H
p defined by
TZ({λj}) =
∑
j
λj
(1− |aj|
2)b
(1− 〈z, aj〉)b
is bounded.
Proof. See for example [3, 13, 16] or [20]. 
The sequence space T p∞ = T
p
∞(Z) consist of those sequences λ = {λj} of complex numbers
with supak∈Γ(ζ) |λk| ∈ L
p(Sn). Set
‖λ‖p
T p∞
=
∫
Sn
(
sup
ak∈Γ(ζ)
|λk|
)p
dσ(ζ).
Theorem F. Let 1 < p <∞. The dual of T p1 can be identified with T
p′
∞ under the pairing
〈λ, µ〉 =
∑
k
λk µk(1− |ak|
2)n.
Under the same pairing, for 1 < q <∞, the dual of T pq can be identified with T
p′
q′ .
Proof. Again see [3, 13, 16]. 
2.4. Forelli-Rudin type estimates. We need the following well known integral estimate
that has become very useful in this area of analysis (see [29, Theorem 1.12] for example).
Lemma G. Let t > −1 and s > 0. There is a positive constant C such that∫
Bn
(1− |w|2)t dv(w)
|1− 〈z, w〉|n+1+t+s
≤ C (1− |z|2)−s
for all z ∈ Bn.
We also need the following well known discrete version of the previous lemma.
Lemma H. Let {zk} be a separated sequence in Bn, and let n < t < s. Then∑
k
(1− |zk|
2)t
|1− 〈z, zk〉|s
≤ C (1− |z|2)t−s, z ∈ Bn.
The following more general version of Lemma G will also be needed. The proof can be
found in [19].
Lemma I. Let s > −1, s+n+1 > r, t > 0, and r+ t−s > n+1. For a ∈ Bn and z ∈ Bn,
one has ∫
Bn
(1− |w|2)sdv(w)
|1− 〈z, w〉|r|1− 〈a, w〉|t
≤ C
1
|1− 〈z, a〉|r+t−s−n−1
.
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2.5. Differential type operators. We need to use the differential and integral type op-
erators Rα,t and Rα,t for α ≥ −1 and t ≥ 0 (see [29, Section 1.4]). Recall that R
α,t is the
unique continuous linear operator on H(Bn) satisfying
Rα,t
(
1
(1− 〈z, w〉)n+1+α
)
=
1
(1− 〈z, w〉)n+1+α+t
for all w ∈ Bn. Similarly, Rα,t is the unique continuous linear operator on H(Bn) satisfying
Rα,t
(
1
(1− 〈z, w〉)n+1+α+t
)
=
1
(1− 〈z, w〉)n+1+α
for all w ∈ Bn. It is well-known that
Rα,tR
α,t = Rα,tRα,t = Id.
Most of the time we use these operators as follows. If a holomorphic function f in Bn has
an integral representation
f(z) =
∫
Bn
dν(w)
(1− 〈z, w〉)n+1+α
,
then
Rα,tf(z) =
∫
Bn
dν(w)
(1− 〈z, w〉)n+1+α+t
.
2.6. Khinchine and Kahane inequalities. Consider a sequence of Rademacher func-
tions rk(t) (see [10, Appendix A]). For almost every t ∈ (0, 1) the sequence {rk(t)} consists
of signs ±1. We state first the classical Khinchine’s inequality (see [10, Appendix A] for
example).
Khinchines’s inequality: Let 0 < p < ∞. Then for any sequence {ck} of complex
numbers, we have (∑
k
|ck|
2
)p/2
≍
∫ 1
0
∣∣∣∣∣∑
k
ckrk(t)
∣∣∣∣∣
p
dt.
The next result is known as Kahane’s inequality; see for instance Lemma 5 of Luecking
[17] or the paper of Kalton [14].
Kahane’s inequality: Let X be a Banach space, and 0 < p, q < ∞. For any sequence
{xk} ⊂ X , one has(∫ 1
0
∥∥∥∑
k
rk(t) xk
∥∥∥q
X
dt
)1/q
≍
(∫ 1
0
∥∥∥∑
k
rk(t) xk
∥∥∥p
X
dt
)1/p
.
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3. Proof of Theorem 1
3.1. Necessity. If Qµ : H
p → Hq is bounded, by the pointwise estimate for Hp-functions
(see [29, Theorem 4.17]) we get
∣∣Qµf(z)∣∣ ≤ 1
(1− |z|2)n/q
∥∥Qµf∥∥Hq .
Taking the function f to be the reproducing kernel Kz of H
2, that is,
f(w) = Kz(w) = (1− 〈w, z〉)
−n
and taking into account that (an immediate application of [29, Theorem 1.12])
‖Kz‖Hp . (1− |z|
2)−n(p−1)/p,
we obtain ∫
Bn
dµ(w)
|1− 〈z, w〉|2n
=
∣∣QµKz(z)∣∣
≤
1
(1− |z|2)n/q
∥∥Qµ‖Hp→Hq · ‖Kz‖Hp
≤
C
(1− |z|2)n
(
1/q+(p−1)/p
) ∥∥Qµ‖Hp→Hq .
Hence, from (1.1) with t = n(1
q
+ (p−1)
p
) we see that µ is an s-Carleson measure with
s = 1 + 1
p
− 1
q
, and moreover
‖µ‖CMs ≤ C
∥∥Qµ‖Hp→Hq .
3.2. Sufficiency. Let 1 < p ≤ q < ∞ and let µ be an s-Carleson measure with s =
1+ 1
p
− 1
q
. Take t > 0 satisfying n+ t > ns. By the density of the holomorphic polynomials
and duality, it suffices to show that
(3.1) It(Qµf, g) :=
∣∣∣∣∫
Bn
R−1,t(Qµf)(z)Rt−1,tg(z) dv2t−1(z)
∣∣∣∣ ≤ C‖f‖Hp · ‖g‖Hq′
for holomorphic polynomials f and g (it is easy to see that, for holomorphic polynomials
P and Q, one has 〈P,Q〉H2 =
∫
Bn
R−1,tP (z)Rt−1,tQ(z) dv2t−1(z)). Observe that R
t−1,tg is
also a holomorphic polynomial (this follows from the expression of Rt−1,tg in terms of the
homogeneous expansion of g. See [29, Chapter 1]). This together with (1.1), gives
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∫
Bn
(∫
Bn
|f(w)| dµ(w)
|1− 〈w, z〉|n+t
)
|Rt−1,tg(z)| dv2t−1(z)
≤ ‖f‖∞ · ‖R
t−1,tg‖∞
∫
Bn
(∫
Bn
dµ(w)
|1− 〈w, z〉|n+t
)
dv2t−1(z)
. ‖f‖∞ · ‖R
t−1,tg‖∞ · ‖µ‖CMs
∫
Bn
dvt−1+ns−n(z) <∞,
and we can use Fubini’s theorem and the properties of the operators Rβ,t to get∫
Bn
R−1,t(Qµf)(z)Rt−1,tg(z) dv2t−1(z) =
∫
Bn
(∫
Bn
f(w) dµ(w)
(1− 〈z, w〉)n+t
)
Rt−1,tg(z) dv2t−1(z)
=
∫
Bn
f(w)
(∫
Bn
Rt−1,tg(z) dv2t−1(z)
(1− 〈z, w〉)n+t
)
dµ(w)
=
∫
Bn
f(w)Rt−1,tRt−1,tg(w)dµ(w)
=
∫
Bn
f(w) g(w)dµ(w).
This and Ho¨lder’s inequality give
(3.2) It(Qµf, g) ≤
∫
Bn
|f(w) g(w)| dµ(w)≤ ‖f‖Lσ(µ) · ‖g‖Lσ′(µ)
with σ = ps ≥ p. As µ is a (σ/p)-Carleson measure, by Carleson-Duren’s theorem we have
‖f‖Lσ(µ) ≤ C1
∥∥µ∥∥1/σ
CMs
· ‖f‖Hp.
Also,
σ′
q′
=
ps(q − 1)
q(ps− 1)
=
ps(q − 1)
q(p− p/q)
= s.
Therefore, we also have
‖g‖Lσ′(µ) ≤ C2
∥∥µ∥∥1/σ′
CMs
· ‖g‖Hq′ .
Bearing in mind (3.2), we see that (3.1) holds, proving that Qµ : H
p → Hq is bounded,
and moreover ∥∥Qµ∥∥Hp→Hq . ‖µ‖CMs.
4. Proof of Theorem 2
4.1. Sufficiency. Suppose first that µ˜ belongs to Lr(Sn). Observe that r > 1 so that by
Luecking’s theorem it follows that∫
Bn
|f(z)|s dµ(z) ≤ C‖f‖sHp
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whenever f is in Hp, with s = p + 1− p
q
. Testing this inequality on the functions
fa(z) =
1
(1− 〈z, a〉)σ
, a ∈ Bn,
with σ big enough, we see that µ is an s/p-Carleson measure. Note that, as r > 1 and
q < p, one has 0 < s/p < 1. Let t > 0 with t + ns/p > n (observe that this implies
t + n > ns/p because s/p < 1). As in the previous proof, and with the same notation as
in (3.1), we need to show that
|It(Qµf, g)| ≤ C ‖µ˜‖Lr(Sn) · ‖f‖Hp · ‖g‖Hq′
for holomorphic polynomials f and g. Because µ is an (s/p)-Carleson measure, proceeding
as before we can justify the use of Fubini’s theorem that gives∣∣It(Qµf, g)∣∣ ≤ ∫
Bn
|f(z)| |g(z)| dµ(z) ≍
∫
Sn
∫
Γ(ζ)
|fg(z)|
(1− |z|2)n
dµ(z) dσ(ζ)
≤
∫
Sn
|(fg)∗(ζ)| µ˜(ζ) dσ(ζ) ≤ C ‖µ˜‖Lr(Sn) · ‖fg‖Hr′
with r′ being the conjugate exponent of r (the last inequality follows from Ho¨lder’s inequal-
ity and Theorem A). Finally, Ho¨lder’s inequality gives ‖fg‖Hr′ ≤ ‖f‖Hp · ‖g‖Hq′ finishing
the proof of the sufficiency.
4.2. Preliminaries for the necessity. Set Q(0) = Bn, and given w ∈ Bn \ {0}, we write
ζw = w/|w| and denote
Q(w) =
{
z ∈ Bn : |1− 〈z, ζw〉| < 1− |w|
}
.
Lemma 3. Let w ∈ Bn. Then 1− |w| ≍ |1− 〈z, w〉| for z ∈ Q(w).
Proof. The result is trivial for w = 0. Hence, assume that w 6= 0 and z ∈ Q(w). Then
|1− 〈z, w〉| . |1− 〈z, ζw〉|+ |1− 〈ζw, w〉|
≤ (1− |w|) + |1− 〈ζw, w〉| = 2(1− |w|).
Since the other inequality is trivial, we are done. 
Lemma 4. Let 1 < p < ∞, ν be a positive Borel measure, finite on compact sets, and
consider the general area operator
Aνg(ζ) =
(∫
Γ(ζ)
|g(z)|2dν(z)
)1/2
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and the discrete maximal operator
C∗ν(g)(ζ) =
(
sup
ak∈Γ(ζ)
1
(1− |ak|)n
∫
Q(ak)
(1− |z|2)n|g(z)|2dν(z)
)1/2
,
where {ak} is an r-lattice. Suppose that g ∈ L
2(Bn, dνn) with dνn(z) = (1− |z|
2)ndν(z). If
r is small enough and C∗νg ∈ L
p(Sn), then Aνg ∈ L
p(Sn). Moreover, r > 0 can be chosen
to guarantee that
‖Aνg‖Lp(Sn) . ‖C
∗
νg‖Lp(Sn) + ‖g‖L2(νn).
Proof. The proof uses some terminology and concepts related to tent spaces, which are
only covered in this paper for discrete measures. Moreover, a substantial part of the proof
is remarkably similar to a known standard proof, see for instance [23]. For completeness,
we will prove this lemma by using notation analogous to that of the mentioned reference,
and the reader should have no difficulties comparing the two proofs.
We want to show∣∣〈f, g〉T 22 (ν)∣∣ . ∫
Sn
Aν(f)(ζ)C
∗
ν(g)(ζ)dσ(ζ) + ‖Aνf‖L1(Sn) · ‖g‖L2(νn).
By duality of tent spaces, it then follows that if C∗νg ∈ L
p(Sn), then g belongs to the dual
of T p
′
2 (ν), which is T
p
2 (ν). This implies that Aνg ∈ L
p(Sn) with the desired estimate.
Fix K > 0 large enough to be specified later, and set MK = {|z|
2 > 1 − 1/K2}. Split
the measure ν as ν = ν|MK + ν
′ with ν ′ = ν|Bn\MK . Then
〈f, g〉T 22 (ν) = 〈f, g〉T 22 (ν|MK )
+ 〈f, g〉T 22 (ν′).
Moreover, we have∣∣〈f, g〉T 22 (ν′)∣∣ ≤ ∫
Bn
|f(z)| |g(z)| (1− |z|2)n dν ′(z)
≍
∫
Sn
(∫
Γ(ζ)
|f(z)| |g(z)| dν ′(z)
)
dσ(ζ)
≤ ‖g‖L2(νn)
∫
Sn
(∫
Γ(ζ)
|f(z)|2 dν ′(z)
)1/2
dσ(ζ)
≤ Kn ‖Aνf‖L1(Sn) · ‖g‖L2(νn).
Therefore, it is enough to show that, for ν supported on MK one has∣∣〈f, g〉T 22 (ν)∣∣ . ∫
Sn
Aν(f)(ζ)C
∗
ν(g)(ζ) dσ(ζ).
We note first that if γ > 1, ζ ∈ Sn, and z ∈ Γ(ζ), we have for R ∈ (0, 1) the estimate
(4.1) |1− 〈Rz, ζ〉| <
(
1−
γ
2
)
(1−R) +
γ
2
(1− R|z|2).
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If 1 > |z|2 > α with α > (2/γ − 1), then for R close enough to 1, we have Rz ∈ Γ(ζ).
(Note that if γ ≥ 2, any z 6= 0 and R ∈ (0, 1) will work.)
We will use a variation of a well-known argument, which can be found with details in
[23], for instance. Define
Γh(ζ) = Γ(ζ) \D(0, 1/(h+ 1)),
and
Aν(g|h)(ζ) =
(∫
Γh(ζ)
|f(z)|2dν(z)
)1/2
.
Now set
h(ζ) = sup
{
h : Aν(g|h)(ζ) ≤ C1C
∗
ν(g)(ζ)
}
.
The claim is proven, once we show∫
Bn
k(z)(1− |z|2)ndν(z) ≤ 2
∫
Sn
(∫
Γh(ζ)(ζ)
k(z)dν(z)
)
dσ(ζ)
for every positive ν-measurable function k. By Fubini’s theorem, the integral on the right-
hand-side equals ∫
Bn
σ(I(z) ∩H(z)) k(z) dν(z),
with H(z) = {ζ ∈ Sn : 1/(1 + h(ζ)) ≤ |z|}. We therefore want to show that
σ(I(z) ∩H(z))
σ(I(z))
≥
1
2
holds for z ∈ MK . To this end, take z ∈ MK and set z
∗ be the unique point in Bn
satisfying ζz∗ = ζz and (1− |z
∗|2) = K(1− |z|2). Suppose, for now, that K is chosen to be
large enough so that the conditions on (4.1) are met. Then, there exists rK > 0 with the
following properties.
(i) If 0 < r < rK , then D(z
∗, r) ⊂
⋂
v∈I(z) Γ(v);
(ii) If z′ ∈ D(z∗, r), then 2(1− |z′|2) ≥ (1− |z∗|2);
(iii) If z′ ∈ D(z∗, r), and z′∗ is the unique point in Bn satisfying ζz′ = ζz′∗ and K(1 −
|z′∗|
2) = (1− |z′|2), then |1− 〈z, z′∗〉| ≤ 2(1− |z|
2).
Now, suppose that r > 0 above is the density of the lattice and set z′ to be a point of the
lattice contained in D(z∗, r). Notice that if u satisfying |u| ≥ |z| (so that 1−|u|2 ≤ 1−|z|2)
does not belong to Q(z′), then by the property (ii) above (recall that d(a, b) = |1−〈a, b〉|1/2
satisfies the triangle inequality on Bn)
|1− 〈u, ζz〉|
1/2 ≥ |1− 〈u, ζz′〉|
1/2 − |1− 〈ζz, ζz′〉|
1/2
≥ (K/2)1/2(1− |z|2)1/2 − |1− 〈ζz∗ , ζz′〉|
1/2.
An application of Exercise 1.25 from [29] together with property (iii) above shows us that
|1− 〈ζz∗, ζz′〉| ≤ 8(1− |z|
2).
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Let us now set K to be a number big enough so that ((K/2)1/2 − 81/2)2 > K/3. Then
u /∈ Q(z′) implies that
|1− 〈u, ζz〉| ≥ (K/3)(1− |z|
2).
If now ζ ∈ I(z), then
|1− 〈u, ζ〉|1/2 ≥ |1− 〈u, ζz〉|
1/2 − |1− 〈z, ζz〉|
1/2 − |1− 〈z, ζ〉|1/2,
so
|1− 〈u, ζ〉| ≥
(
(K/3)1/2 − 1− (γ/2)1/2
)2
(1− |z|2) ≥ (γ/2)(1− |u|2),
when K is large enough compared to γ. We now fix K big enough to carry us through all
the calculations above.
From this point onwards, we could follow the argument of [23], as the only real difference
was that we had to choose the point z′ from the lattice. We will present the remaining
details for the convenience of the reader.
By our choice of K and r, if |u| ≥ |z| does not belong to Q(z′), then I(u) ∩ I(z) = ∅.
Thus, if x = 1/|z| − 1 (so that Γx(ζ) = Γ(ζ) \D(0, |z|)), then
1
σ(I(z))
∫
I(z)
(∫
Γx(ζ)
|g(u)|2dν(u)
)
dσ(ζ)
=
1
σ(I(z))
∫
{|z|<|u|<1}
σ(I(z) ∩ I(u))|g(u)|2dν(u)
≤
1
σ(I(z))
∫
Q(z′)
σ(I(z) ∩ I(u))|g(u)|2dν(u)
≤
C3
σ(I(z′))
∫
Q(z′)
(1− |u|2)n|g(u)|2dν(u)
≤ C3 inf
v∈I(z)
C∗ν (g)(v)
2.
The last inequality holds, because by property (i), we have z′ ∈ D(z∗, r) ⊂ Γ(v) for all
v ∈ I(z). Now, let us chooce C1 so that C
2
1 > 2C3. If E(z) = Sn \H(z), then
σ(E(z) ∩ I(z)) ≤
∫
I(z)
Aν(g|x)(ζ)
2
C21C
∗
ν (g)(ζ)
2
dσ(ζ)
≤
1
C21 infv∈I(z) C
∗
ν(g)(v)
2
∫
I(z)
Aν(g|x)(ζ)
2dσ(ζ)
< σ(I(z))/2.
It follows that σ(I(z) ∩ H(z)) ≥ σ(I(z))/2 for z ∈ MK . Note also that the implicit
constants in the estimate can be chosen to be independent of the measure ν. This finishes
the proof. 
We also need the following more general area function description of the Hardy spaces. The
result is probably known to experts, but we were unable to find a proof in the literature.
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Proposition 5. Let f be holomorphic on Bn, 0 < p < ∞ and dλn(z) = dv−1−n(z). If
s ≥ −1 and t > 0, then the following are equivalent.
(a) f ∈ Hp(Bn);
(b)
(∫
Γ(ζ)
|Rf(z)|2(1− |z|2)2dλn(z)
)1/2
∈ Lp(Sn);
(c)
(∫
Γ(ζ)
|Rs,tf(z)|2(1− |z|2)2tdλn(z)
)1/2
∈ Lp(Sn).
Moreover, if f(0) = 0, then the Lp norms involved in all the items above are equivalent.
Proof. The equivalence of (a) and (b) can be found in [20]. So, we will prove that (b) and
(c) are equivalent. To this end, we may clearly assume that f(0) = 0.
Let us assume (b). Since f(0) = 0, we have the estimate
f(w) =
∫
Bn
Rf(u)Lβ(w, u)dvβ(u),
where
Lβ(w, u) =
∫ 1
0
(
1
(1− 〈w, ρu〉)n+1+β
− 1
)
dρ
ρ
valid for large enough β, see page 51 of [29]. Moreover, if β = s + N for some positive
integer N , we have by Proposition 5 of [28],
Rs,t
1
(1− 〈w, ρu〉)n+1+β
=
φ(〈w, ρu〉)
(1− 〈w, ρu〉)n+1+β+t
,
where φ is a one variable polynomial of degree N . Note that Rs,t1 = 1, so putting ρ = 0
gives 1 in the above identity. Now, it is straightforward to obtain
|Rs,tLβ(w, u)| .
1
|1− 〈w, u〉|n+β+t
.
This allows us to obtain the bound
|Rs,tf(w)| .
∫
Bn
|Rf(u)|
|1− 〈w, u〉|n+β+t
dvβ(u).
We may assume that β = s+N > nmax(1, 2/p)−n+1. By standard estimates, this leads
to
(1− |w|2)2t|Rs,tf(w)|2 .
∫
Bn
|Rf(u)|2dvβ(u)
|1− 〈w, u〉|n+β+t−1
(1− |w|2)t.
A TOEPLITZ TYPE OPERATOR ON HARDY SPACES IN THE UNIT BALL 15
Now, by Lemma I, if θ > n + β − 1, we have
∫
Γ(ζ)
[
(1− |w|2)t|Rs,tf(w)|
]2
dλn(w)
.
∫
Bn
[
(1− |w|2)t|Rs,tf(w)|
]2( 1− |w|2
|1− 〈ζ, w〉|
)θ
dλn(w)
.
∫
Bn
(
1− |w|2
|1− 〈ζ, w〉|
)θ [∫
Bn
|Rf(u)|2dvβ(u)
|1− 〈w, u〉|n+β+t−1
]
(1− |w|2)tdλn(w)
.
∫
Bn
|Rf(u)|2
(∫
Bn
(1− |w|2)θ+t−n−1dv(w)
|1− 〈ζ, w〉|θ|1− 〈w, u〉|n+β+t−1
)
dvβ(u)
.
∫
Bn
|Rf(u)|2(1− |u|2)2
(
1− |u|2
|1− 〈ζ, u〉|
)n+β−1
dλn(u)
Now, since n + β − 1 > nmax(1, 2/p), we can use Lemma D to get
∫
Sn
(∫
Γ(ζ)
[
(1− |w|2)t|Rs,tf(w)|
]2
dλn(w)
)p/2
dσ(ζ)
.
∫
Sn
(∫
Bn
|Rf(u)|2(1− |u|2)2
(
1− |u|2
|1− 〈ζ, u〉|
)n+β−1
dλn(u)
)p/2
dσ(ζ)
.
∫
Sn
(∫
Γ(ζ)
|Rf(u)|2(1− |u|2)2dλn(u)
)p/2
dσ(ζ),
so (c) is obtained.
Suppose now that (c) holds. By an estimate from [28, page 20], for large enough β we
have
(1− |z|2)|Rf(z)| . (1− |z|2)
∫
Bn
(1− |w|2)t|Rs,tf(w)|dvβ(w)
|1− 〈z, w〉|n+2+β
.
We may assume that β > nmax(1, 2/p) − n − 1 and let 0 < ε < 2 so that β − ε > −1.
Then use Cauchy-Schwarz and standard integral estimates to deduce
[
(1− |z|2)|Rf(z)|
]2
. (1− |z|2)2
∫
Bn
(1− |w|2)2t|Rs,tf(w)|2dvβ+ε(w)
|1− 〈z, w〉|n+3+β
(1− |z|2)−ε.
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Now, take θ > nmax(1, 2/p) + ε + 1 + β, and estimate as before by using Lemma I to
obtain ∫
Γ(ζ)
[
(1− |z|2)|Rf(z)|
]2
dλn(z)
.
∫
Bn
[
(1− |z|2)|Rf(z)|
]2( 1− |z|2
|1− 〈z, ζ〉|
)θ
dλn(z)
.
∫
Bn
(1− |w|2)2t|Rs,tf(w)|2
(∫
Bn
(1− |z|2)2+θ−ε−n−1dv(z)
|1− 〈z, ζ〉|θ |1− 〈z, w〉|n+3+β
)
dvβ+ε(w)
.
∫
Bn
(1− |w|2)2t|Rs,tf(w)|2
(
1− |w|2
|1− 〈w, ζ〉|
)n+1+β+ε
dλn(w).
Since n+ 1 + β + ε > nmax(1, 2/p) + ε, from Lemma D we conclude that (c) implies (b).
This finishes the proof. 
4.3. Necessity. Throughout this proof, we set ‖Qµ‖ = ‖Qµ‖Hp→Hq . Since µ(Bn) =
(Qµ1)(0), the measure µ is finite with µ(Bn) . ‖Qµ‖. We split the proof in several cases.
4.3.1. The case q = 2. It is well known that the boundedness is equivalent to∫
Bn
|R−1,1(Qµf)(z)|
2 dv1(z) ≤ C ‖Qµ‖
2 · ‖f‖2Hp.
For example, this can be deduced from Proposition 5 and the estimate (2.1).
Let {ak} ⊂ Bn be a separated sequence and define
fk(z) =
(
1− |ak|
2
1− 〈z, ak〉
)n+1
, z ∈ Bn.
Apply the previous inequality with the function
Ft(z) =
∑
k
λk rk(t) fk(z)
with λ = {λk} ∈ T
p
2 , and use Proposition E to get∫
Bn
∣∣∣∑
k
λk rk(t)R
−1,1(Qµfk)(z)
∣∣∣2 dv1(z) ≤ C ‖Qµ‖2 · ‖λ‖2T p2 .
Integrate respect to t between 0 and 1, interchange the order of integration and use Khin-
chine’s inequality to obtain∑
k
|λk|
2
∫
Bn
∣∣R−1,1(Qµfk)(z)∣∣2 dv1(z) ≤ C ‖Qµ‖2 · ‖λ‖2T p2 .
By subharmonicity (see [29, Lemma 2.24] for example) this implies∑
k
|λk|
2
∣∣R−1,1(Qµfk)(ak)∣∣2 (1− |ak|)n+2 ≤ C‖Qµ‖2 · ‖λ‖2T p2 .
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and therefore∑
k
|λk|
2
∣∣R−1,1(Qµfk)(ak)∣∣2 (1− |ak|)n+2 ≤ C ‖Qµ‖2 · ‖λ2‖T p/21 .
By the duality of tent spaces in Theorem F, this is equivalent to{∣∣R−1,1(Qµfk)(ak)∣∣2 (1− |ak|)2} ∈ T p/(p−2)∞ ,
with the corresponding T
p/(p−2)
∞ -norm dominated by ‖Qµ‖
2. That is,
sup
ak∈Γ(ζ)
∣∣R−1,1(Qµfk)(ak) (1− |ak|)∣∣2 ∈ Lp/(p−2)(Sn)
or
(4.2) sup
ak∈Γ(ζ)
∣∣R−1,1(Qµfk)(ak)∣∣ (1− |ak|) ∈ L2p/(p−2)(Sn)
with the corresponding L2p/(p−2)-norm dominated by ‖Qµ‖. However, since (1 − |ak|) ≍
|1− 〈ak, w〉| for w ∈ Q(ak),
∣∣R−1,1(Qµfk)(ak)| (1− |ak|) = (1− |ak|2)n+2 ∣∣∣∣∫
Bn
dµ(w)
|1− 〈ak, w〉|2(n+1)
∣∣∣∣
≥ (1− |ak|
2)n+2
∫
Q(ak)
dµ(w)
|1− 〈ak, w〉|2(n+1)
&
1
(1− |ak|)n
∫
Q(ak)
(1− |w|)n
dµ(w)
(1− |w|)n
.
Let us restate this estimate for later reference.
(4.3)
µ(Q(ak))
(1− |ak|)n
≤ C
∣∣R−1,1(Qµfk)(ak)∣∣ (1− |ak|).
Finally, the result follows from (4.2), (4.3) and Lemma 4 applied to the measure dν(z) =
dµ(z)(1− |z|)−n and g = 1.
4.3.2. The case q > 2. Let {ak} be a separated sequence in Bn. Using the general
area function description of Hq given in Proposition 5, and the same argument (applying
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Khinchine’s inequality) and test functions as in the previous case, we arrive at∫
Sn
(∑
k
|λk|
2
∫
Γ(ζ)
|R−1,1(Qµfk)(z)|
2 dv1−n(z)
)q/2
dσ(ζ)
≤C ′
∫
Sn
∫ 1
0
∫
Γ(ζ)
∣∣∣∣∣∑
k
λkrk(t)R
−1,1(Qµfk)(z)
∣∣∣∣∣
2
dv1−n(z)dt
q/2 dσ(ζ)
≤C ′
∫ 1
0
∫
Sn
(∫
Γ(ζ)
∣∣R−1,1(QµFt)(z)∣∣2 dv1−n(z))q/2 dσ(ζ) dt ≤ C ‖Qµ‖q · ‖λ‖qT p2 .
Applying Lemma D with θ big enough we have∫
Sn
[∑
k
|λk|
2
(
1− |ak|
2
|1− 〈ak, ζ〉|
)θ ∫
Dk
|R−1,1(Qµfk)(z)|
2dv1−n(z)
]q/2
dσ(ζ) ≤ C‖Qµ‖
q · ‖λ‖q
T p2
,
where Dk denotes the Bergman metric ball D(ak, r). Now, because |1− 〈ak, ζ〉| ≍ 1− |ak|
for ak ∈ Γ(ζ), summing only over indices k so that ak ∈ Γ(ζ), we obtain∫
Sn
 ∑
k:ak∈Γ(ζ)
|λk|
2
∫
Dk
|R−1,1(Qµfk)(z)|
2dv1−n(z)
q/2 dσ(ζ) ≤ C‖Qµ‖q · ‖λ‖qT p2 .
By subharmonicity and the estimate (4.3), this gives
(4.4)
∫
Sn
 ∑
ak∈Γ(ζ)
|λk|
2
(
µ(Q(ak))
(1− |ak|)n
)2q/2 dσ(ζ) . ‖Qµ‖q‖ · ‖λ‖qT p2 .
Now, let β = (pq − p− q)/(p− q) so that q(β − 1)/(q − 2) = r. Since p > q > 2 we see
that β > 1. By (2.1) we have
∑
k
|λk|
2
(
µ(Q(ak))
(1− |ak|)n
)β+1
(1− |ak|)
n ≍
∫
Sn
 ∑
ak∈Γ(ζ)
|λk|
2
(
µ(Q(ak))
(1− |ak|)n
)β+1 dσ(ζ)
≤
∫
Sn
(
sup
ak∈Γ(ζ)
µ(Q(ak))
(1− |ak|)n
)β−1 ∑
k:ak∈Γ(ζ)
|λk|
2
(
µ(Q(ak))
(1− |ak|)n
)2 dσ(ζ).
(4.5)
Hence, applying Ho¨lder’s inequality and (4.4) we get∑
k
|λk|
2
(
µ(Q(ak))
(1− |ak|)n
)β+1
(1− |ak|)
n . ‖ν‖β−1T r∞ ·
∥∥Qµ∥∥2 · ‖λ‖2T p2 ,
with ν = {νk} and νk = µ(Q(ak))/(1− |ak|)
n. That is, we have
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∑
k
|αk| ν
β+1
k ≤ C‖ν‖
β−1
T r∞
·
∥∥Qµ∥∥2 · ‖α‖2T p/21 .
By the duality between the tent spaces T
p/2
1 and T
(p/2)′
∞ (see Theorem F), we obtain∥∥νβ+1∥∥
T
p/(p−2)
∞
. ‖ν‖β−1T r∞ ·
∥∥Qµ∥∥2.
It is straightforward to check that
(β + 1)p/(p− 2) = r
so that ∥∥ν∥∥β+1
T r∞
≤
∥∥νβ+1∥∥
T
p/(p−2)
∞
.
∥∥ν∥∥β−1
T r∞
·
∥∥Qµ∥∥2.
Now, if µ is compactly supported, then ‖ν
∥∥
T r∞
<∞, and therefore we deduce that
‖ν
∥∥
T r∞
.
∥∥Qµ∥∥
An application of Lemma 4 gives ‖µ˜‖Lr . ‖Qµ‖ when µ is compactly supported. The
general case follows by an approximation argument. Indeed, let rk ∈ (0, 1) with rk → 1,
and consider the measures µk and µ
∗
k defined on Borel sets E by µk(E) = µ(E ∩D(0, rk))
and µ∗k(E) = µ
(
r−1k E ∩D(0, rk)
)
. Note that µ˜k ≤ µ˜∗k because
D(0, rk) ∩ Γ(ζ) ⊂ D(0, rk) ∩ r
−1
k Γ(ζ).
To be honest, if the aperture of Γ(ζ) = Γγ(ζ) satisfies γ ≥ 2, then the above inclusion holds
as stated, whereas if 1 < γ < 2, then it will hold modulo a compact set, see the beginning
of the proof of Lemma 4. The argument can be completed either way, and we can always
just change the aperture. We arrive at∥∥µ˜∥∥
Lr
≤ lim inf
k
∥∥µ˜k∥∥Lr ≤ lim infk ∥∥µ˜∗k∥∥Lr . lim infk ∥∥Qµ∗k∥∥.
Now, if f is a unit vector inHp, we have (by a change of variables) |Qµ∗kf(z)| ≍ |(Qµfk)k(z)|,
where gk(z) = g(rkz), which easily gives ‖Qµ∗k‖ . ‖Qµ‖ because dilatation by rk can only
decrease the norm. This gives ∥∥µ˜∥∥
Lr
.
∥∥Qµ∥∥
finishing the proof in this case.
4.3.3. The case q < 2. We will start with the following simple lemma.
Lemma 6. Let 1 < p <∞. If Qµf is in H
p and g ∈ Hp
′
, then∫
Sn
Qµf(ζ)g(ζ)dσ(ζ) =
∫
Bn
f(w) g(w)dµ(w).
Proof. If g is a holomorphic polynomial, then
Λg(h) =
∫
Sn
h(ζ)g(ζ)dσ(ζ)
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defines a bounded linear functional on Hp. Let Kw be the reproducing kernel of H
2 at the
point w. Since Qµf ∈ H
p, we have∫
Sn
Qµf(ζ)g(ζ)dσ(ζ) = Λg(Qµf) = Λg
(∫
Bn
f(w)
(1− 〈·, w〉)n
dµ(w)
)
=
∫
Bn
f(w) Λg
(
1
(1− 〈·, w〉)n
)
dµ(w) =
∫
Bn
f(w) Λg(Kw) dµ(w)
=
∫
Bn
f(w) 〈Kw, g〉H2 dµ(w) =
∫
Bn
f(w) g(w)dµ(w).
As the holomorphic polynomials are dense on Hp
′
, the result follows. 
It follows from Lemma 6 that if Qµ : H
p → Hq is bounded, then its adjoint is Qµ :
Hq
′
→ Hp
′
. If p ≤ 2, then p′ ≥ 2 and from the previous cases (as p
′q′
q′−p′
= pq
p−q
= r) we
obtain that µ˜ is in Lr(Sn).
Hence we may assume that 1 < q < 2 < p. Let {ak} be a separated sequence in Bn.
Using the area function description of Hardy spaces obtained in Proposition 5, Fubini’s
theorem, and the same test functions as before, we obtain
∫
Sn
∫ 1
0
∫
Γ(ζ)
∣∣∣∣∣∑
k
λkrk(t)R
−1,1(Qµfk)(z)
∣∣∣∣∣
2
dv1−n(z)
q/2 dtdσ(ζ) ≤ C‖Qµ‖q‖λ‖qT p2 ,
where rk are the Rademacher functions. Proceeding with Kahane’s inequality, we get
∫
Sn
∫ 1
0
∫
Γ(ζ)
∣∣∣∣∣∑
k
λkrk(t)R
−1,1(Qµfk)(z)
∣∣∣∣∣
2
dv1−n(z)dt
q/2 dσ(ζ) ≤ C‖Qµ‖q‖λ‖qT p2 .
Next, Fubini’s theorem together with Khinchine’s inequality leads to
∫
Sn
(∫
Γ(ζ)
∑
k
|λk|
2|R−1,1(Qµfk)(z)|
2dv1−n(z)
)q/2
dσ(ζ) ≤ C‖Qµ‖
q‖λ‖q
T p2
.
Now, applying Lemma D, this gives for β > 2n/q:
∫
Sn
[∑
k
|λk|
2
∫
Bn
(
1− |z|2
|1− 〈z, ζ〉|
)β
|R−1,1(Qµfk)(z)|
2dv1−n(z)
]q/2
dσ(ζ) ≤ C‖Qµ‖
q‖λ‖q
T p2
,
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which implies∫
Sn
[∑
k
|λk|
2
(
1− |ak|
2
|1− 〈ak, ζ〉|
)β ∫
Dk
|R−1,1(Qµfk)(z)|
2dv1−n(z)
]q/2
dσ(ζ) ≤ C‖Qµ‖
q‖λ‖q
T p2
,
where Dk denotes the Bergman metric ball D(ak, r). Now, because |1− 〈ak, ζ〉| ≍ 1− |ak|
for ak ∈ Γ(ζ), summing only over indices k so that ak ∈ Γ(ζ), we arrive at
∫
Sn
 ∑
ak∈Γ(ζ)
|λk|
2
∫
Dk
|R−1,1(Qµfk)(z)|
2 dv1−n(z)
q/2 dσ(ζ) ≤ C‖Qµ‖q‖λ‖qT p2 .
By subharmonicity, we get
(4.6)
∫
Sn
 ∑
ak∈Γ(ζ)
|λk|
2|R−1,1(Qµfk)(ak)|
2 (1− |ak|
2)2
q/2 dσ(ζ) ≤ C‖Qµ‖q‖λ‖qT p2 .
Let us now denote ν = (νk), where νk = µ(Q(ak))(1− |ak|
2)−n and set
s =
p− q
q(p− 2)
.
By our choices p > 2 > q, it follows that 2s > qs > 1. Using (2.1) and two Ho¨lders (first
with 2s and (2s)′, and then with qs and (qs)′), we obtain
∑
k
|λk|
2ν
1/s
k (1− |ak|)
n ≍
∫
Sn
 ∑
ak∈Γ(ζ)
|λk|
2ν
1/s
k
 dσ(ζ)
≤
∫
Sn
 ∑
ak∈Γ(ζ)
|λk|
2
(2s−1)/2s  ∑
ak∈Γ(ζ)
|λk|
2ν2k
1/2s dσ(ζ)
≤ ‖λ‖
2− 1
s
T p2
·

∫
Sn
 ∑
ak∈Γ(ζ)
|λk|
2ν2k
q/2 dσ(ζ)

1/qs
.
Here we have used that
(2s− 1)
2s
qs
(qs− 1)
=
p
2
.
Since, by (4.3), we have νk . |R
−1,1(Qµfk)(ak)| (1− |ak|), we can combine this estimate
with (4.6), and arrive at∑
k
|λk|
2ν
1/s
k (1− |ak|)
n ≤ C‖Qµ‖
1/s‖λ2‖
T
p/2
1
.
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So, by the duality of tent spaces, we obtain ‖ν1/s‖
T
p/(p−2)
∞
≤ C‖Qµ‖
1/s. Note that
(1/s)p/(p− 2) = r, so we get
‖ν‖T r∞ ≤ C‖Qµ‖.
An application of Lemma 4 finally shows that µ˜ ∈ Lr(Sn) with ‖µ˜‖Lr . ‖Qµ‖ as claimed.
5. Compactness
For 1 < p, q <∞, a linear operator T : Hp → Hq is compact if ‖Tfn‖Hq → 0 whenever
{fn} is a bounded sequence in H
p converging to zero uniformly on compact subsets of Bn.
Recall also that a finite Borel measure on Bn is called a vanishing s-Carleson measure if
for every ζ ∈ Sn
µ(Bδ(ζ))δ
−ns → 0
as δ → 0. Equivalently, one may require that for each (some) t > 0 one has
(5.1) lim
|a|→1−
∫
Bn
(1− |a|2)t
|1− 〈a, w〉|ns+t
dµ(w) = 0.
Now we are ready for the description of the compactness of the Toeplitz type operator Qµ
acting between Hardy spaces.
Theorem 7. Let 1 < p ≤ q < ∞ and µ be a positive Borel measure on Bn. Then
Qµ : H
p → Hq is compact if and only if µ is a vanishing (1 + 1
p
− 1
q
)-Carleson measure.
Proof. Assume first that Qµ is compact. In the proof of the boundedness, we have seen
that ∫
Bn
(1− |z|2)n/p
′
dµ(w)
|1− 〈w, z〉|2n
= |Qµkz(z)| ≤ (1− |z|
2)−n/q
∥∥Qµkz∥∥Hq .
Assuming that Qµ compact, we know that ‖Qµkz‖Hq → 0 as |z| → 1
−, and the result
follows by (5.1).
Conversely, suppose that µ is a vanishing s-Carleson measure with s = 1 + 1/p − 1/q.
To prove the compactness of Qµ we must show that ‖Qµfn‖Hq → 0 if {fn} is a bounded
sequence in Hp that converges to zero uniformly on compact subsets of Bn. As µ is an s-
Carleson measure, by Theorem 1, the Toeplitz operator Qµ : H
p → Hq is bounded. Hence,
by duality, Lemma 6 and Carleson-Duren’s theorem (argue as in the proof of Theorem 1),
we get
‖Qµfn‖Hq = sup
‖g‖
Hq
′=1
|〈Qµfn, g〉| ≤ sup
‖g‖
Hq
′=1
∫
Bn
|fn(z)| |g(z)| dµ(z) . ‖fn‖Lps(µ)
Since µ is a vanishing s-Carleson measure, then the embedding iµ : H
p → Lps(µ) is
compact, and therefore ‖fn‖Lps(µ) → 0 which proves that ‖Qµfn‖Hq → 0 finishing the
proof. 
We also present the following, seemingly stronger version of Theorem 2.
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Theorem 8. Let 1 < q < p < ∞ and µ be a positive Borel measure on Bn. Then
Qµ : H
p → Hq is compact if and only if it is bounded, if and only if µ˜ ∈ Lr(Sn), where
r = pq/(p− q).
Proof. In view of Theorem 2, it suffices to show that the condition µ˜ ∈ Lr(Sn) implies the
compactness of Qµ.
For any compactK ⊂ Bn, we set µK = µχK . Suppose that {fn} is a bounded sequence in
Hp converging to zero uniformly on compact subsets of Bn. If g is an arbitrary unit vector
in Hq
′
, then by the standard pointwise estimate we have |g(z)| ≤ CK on K (uniformly on
g). Hence, by duality and Lemma 6,∥∥QµKfn∥∥Hq = sup
‖g‖
Hq
′=1
|〈QµKfn, g〉| ≤ sup
‖g‖
Hq
′=1
∫
K
|fn(z)g(z)|dµ(z)
≤ CK
∫
K
|fn(z)|dµ(z)→ 0.
So QµK is compact. Next, define µs = µχD(0,s), so that Qµs is compact as just shown.
Now,
‖µ˜− µ˜s‖
r
Lr =
∫
Sn
∣∣∣∣∣
∫
Γ(ζ)
(1− χD(0,s))(z)dµ(z)
(1− |z|2)n
∣∣∣∣∣
r
dσ(ζ).
Write
Φs(ζ) =
∣∣∣∣∫
Γ(ζ)
φs(z)dµ(z)
(1− |z|2)n
∣∣∣∣r ,
where φs(z) = (1 − χD(0,s))(z). Because µ˜ ∈ L
r(Sn), the function Φ0 is defined almost
everywhere. Therefore, for almost every ζ ∈ Sn, the function
φs(z)dµ(z)
(1− |z|2)n
has an integrable majorant. Therefore, Φs(ζ) → 0 as s → 1 for almost every ζ ∈ Sn,
by the Lebesgue dominated convergence theorem. Remembering that µ˜ ∈ Lr(Sn), we see
that Φs has also an integrable majorant, namely Φ0. Thus µ˜s → µ˜ in L
r(Sn), by another
application of the dominated convergence theorem. By the norm estimate for Qµ we have∥∥Qµ −Qµs∥∥ . ∥∥µ˜− µ˜s∥∥Lr → 0
as s→ 1, proving that Qµ is compact. 
6. Schatten class membership
In this section we are going to describe the membership of Qµ in the Schatten ideals
Sp(H
2).
Let t > 0 and define
Stµ(w) = (1− |w|
2)n+t
∫
Bn
dµ(z)
|1− 〈z, w〉|2n+t
.
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We will denote by dλn(z) := dv−1−n(z) the invariant measure. For technical reasons, it
will be convenient to denote
tp = max(n/p− n, 0).
Proposition 9. Let µ be a positive Borel measure on Bn, and let 0 < p <∞. The following
conditions are equivalent:
(a) Stµ ∈ L
p(Bn, dλn) for all (some) t > tp.
(b) The sequence
{
µ(D(ak ,r))
(1−|ak |2)n
}
is in ℓp, for any r-lattice {ak}.
Proof. Denote by Dk = D(ak, r). By the properties of the lattice we have
‖Stµ‖
p
Lp(λn)
=
∫
Bn
(
(1− |z|2)n+t
∫
Bn
dµ(w)
|1− 〈z, w〉|2n+t
)p
dλn(z)
&
∑
k
∫
Dk
(
(1− |z|2)n+t
∫
Dk
dµ(w)
|1− 〈z, w〉|2n+t
)p
dλn(z)
≍
∑
k
(
µ(Dk)
(1− |ak|2)n
)p
,
because |1− 〈z, w〉| ≍ (1 − |z|2) ≍ (1 − |ak|
2) for z, w ∈ Dk (see [29, Lemma 2.20]). Thus
(a) implies (b) when t > 0.
Assume that (b) holds. As the sets Dk cover Bn and |1 − 〈z, w〉| ≍ |1 − 〈ak, w〉| for
z ∈ Dk (by the estimate (2.20) in p.63 of [29]), we have
Stµ(w) ≤ (1− |w|
2)n+t
∑
k
∫
Dk
dµ(z)
|1− 〈z, w〉|2n+t
. (1− |w|2)n+t
∑
k
µ(Dk)
|1− 〈ak, w〉|2n+t
.
This gives
(6.1) Stµ(w)
p . (1− |w|2)np+tp
(∑
k
µ(Dk)
|1− 〈ak, w〉|2n+t
)p
.
For p > 1, we take 0 < ε < nmin(1
p
, 1
p′
), and use Ho¨lder’s inequality and Lemma H to
get
Stµ(w)
p . (1− |w|2)(n+t)p
(∑
k
µ(Dk)
p (1− |ak|
2)−n(p−1)−εp
|1− 〈ak, w〉|2n+tp
)(∑
k
(1− |ak|
2)n+εp
′
|1− 〈ak, w〉|2n
)p/p′
. (1− |w|2)εp+tp+n
(∑
k
µ(Dk)
p (1− |ak|
2)−n(p−1)−εp
|1− 〈ak, w〉|2n+tp
)
.
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Therefore, by the integral type estimate in Lemma G,∫
Bn
Stµ(w)
p dλn(w) .
∑
k
(
µ(Dk)
(1− |ak|2)n
)p
(1− |ak|
2)n−εp
∫
Bn
(1− |w|2)(ε+t)p−1dv(w)
|1− 〈ak, w〉|2n+tp
.
∑
k
(
µ(Dk)
(1− |ak|2)n
)p
,
and we get the result in this case.
If 0 < p ≤ 1, starting from (6.1) we get
Stµ(w)
p . (1− |w|2)np+tp
∑
k
µ(Dk)
p
|1− 〈ak, w〉|2np+tp
.
Then ∫
Bn
Stµ(w)
p dλn(w) .
∑
k
µ(Dk)
p
∫
Bn
(1− |w|2)np+tp
|1− 〈w, ak〉|2np+tp
dλn(w)
and the result follows from Lemma G because t > tp. 
Now we state the main result of this section, that characterizes the membership in
Sp(H
2) of the Toeplitz type operator Qµ.
Theorem 10. Let 0 < p <∞ and µ be a positive Borel measure on Bn. The following are
equivalent:
(a) Qµ belongs to Sp(H
2);
(b) Stµ ∈ L
p(Bn, dλn) for all (some) t > tp;
(c) for any r-lattice {ak}, we have∑
k
(
µ(D(ak, r))
(1− |ak|2)n
)p
<∞.
From Proposition 9 we already know that (b) and (c) are equivalent. In order to obtain
the equivalence with condition (a) we need to introduce some concepts and notation.
Recall thatH2 is a reproducing kernel Hilbert space with the reproducing kernel function
given by
Kz(w) =
1
(1− 〈w, z〉)n
, z, w ∈ Bn
with norm ‖Kz‖H2 =
√
Kz(z) = (1 − |z|
2)−n/2. The normalized kernel functions are
denoted by kz = Kz/‖Kz‖H2 . We also need to introduce some “derivatives” of the kernel
functions. For z, w ∈ Bn and t > 0, define
Ktz(w) = R
−1,tKw(z) =
1
(1− 〈w, z〉)n+t
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and let ktz denote its normalization, that is, k
t
z = K
t
z/‖K
t
z‖H2. In particular, since f(z) =
〈f,Kz〉H2 whenever f ∈ H
2, one has
(6.2) R−1,tf(z) = 〈f,Ktz〉H2, f ∈ H
2(Bn).
For α > −1, the Bergman space A2α consists of those holomorphic functions f in Bn with
‖f‖2A2α =
∫
Bn
|f(z)|2dvα(z) < ∞. It is well known that, for f ∈ H
2 with f(0) = 0 and
s ≥ −1, one has
‖f‖H2 ≍ ‖Rf‖A21 ≍ ‖R
s,1f‖A21.
We need first the following lemma that can be found in [20].
Lemma 11. Let T : H2(Bn)→ H
2(Bn) be a positive operator. For t > 0 set
T˜ t(z) = 〈Tktz, k
t
z〉H2 , z ∈ Bn.
(a) Let 0 < p ≤ 1. If T˜ t ∈ Lp(Bn, dλn) then T is in Sp(H
2).
(b) Let p ≥ 1. If T is in Sp(H
2) then T˜ t ∈ Lp(Bn, dλn).
Lemma 12. Let 0 < p < ∞, µ be a positive Borel measure on Bn, and suppose that
Stµ ∈ L
p(Bn, dλn) for t > tp. Then Qµ is bounded on H
2.
Proof. By Theorem 1 it is enough to show that µ is a Carleson measure. Let {ak} be an
r-lattice on Bn and set Dk = D(ak, r). By (1.1) we need to prove that supa∈Bn Iµ(a) <∞,
where
Iµ(a) :=
∫
Bn
(
1− |a|2
|1− 〈a, z〉|2
)n
dµ(z).
Since |1− 〈a, z〉| ≍ |1− 〈a, ak〉| for z ∈ Dk, we get
Iµ(a) ≤ (1− |a|
2)n
∑
k
∫
Dk
dµ(z)
|1− 〈a, z〉|2n
. (1− |a|2)n
∑
k
µ(Dk)
|1− 〈ak, a〉|2n
.
If 0 < p ≤ 1, taking into account Proposition 9, the result follows directly from our
assumption and the fact that |1− 〈ak, a〉|
2 ≥ (1 − |ak|)(1− |a|). If p > 1, we use Ho¨lder’s
inequality to get
Iµ(a) . (1− |a|
2)n
(∑
k
(1− |ak|
2)np
′
|1− 〈ak, a〉|2np
′
)1/p′ (∑
k
( µ(Dk)
(1− |ak|2)n
)p)1/p
,
and now the result is a consequence of the assumption, Proposition 9 and Lemma H. 
As a consequence of the previous lemmas, we get the following.
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Proposition 13. Let 0 < p < ∞, t > tp, and µ be a positive Borel measure on Bn. If
0 < p ≤ 1 and Stµ is in L
p(Bn, dλn), then Qµ belongs to Sp(H
2). Conversely, if p ≥ 1 and
Qµ is in Sp(H
2), then Stµ ∈ L
p(Bn, dλn).
Proof. By Lemma 12, the condition Stµ ∈ L
p(Bn, dλn) implies the boundedness of Qµ on
H2. Hence, in both cases, we have
〈Qµk
t/2
z , k
t/2
z 〉 =
∫
Bn
|kt/2z (w)|
2 dµ(w).
As
‖Kt/2z ‖
2
H2 ≍ (1− |z|
2)−n−t,
we obtain
〈Qµk
t/2
z , k
t/2
z 〉 ≍ Stµ(z).
Therefore, the result is a direct consequence of Lemma 11. 
The next result, together with Proposition 13, gives that condition (b) implies (a) in
Theorem 10.
Proposition 14. Let p > 1, µ be a positive Borel measure on Bn, and suppose that
Stµ ∈ L
p(Bn, dλn) for t > tp. Then Qµ belongs to Sp(H
2).
Proof. It is easy to modify the proof of Lemma 12 in order to see that the condition implies
that µ is a vanishing Carleson measure. Hence, by Theorem 7, the operator Qµ is compact.
Thus, in view of [30, Theorem 1.27], it is enough to show that∑
k
|〈Qµek, ek〉|
p ≤ C <∞
for all orthonormal sets {ek} of H
2. In order to prove that, we follow closely the argument
used in [21]. By Lemma 6 we have
|〈Qµek, ek〉|
p =
(∫
Bn
|ek(z)|
2dµ(z)
)p
.
By perturbing Qµ by a rank-one operator, we may assume that ek(0) = 0 for all k. Since
e2k ∈ H
1 ⊂ A2n−1 ⊂ A
1
n−1, we have (see [29, page 51])
|ek(z)|
2 .
∫
Bn
|R(e2k)(w)|
|1− 〈z, w〉|2n+t
dvn+t(w) .
∫
Bn
|ek(w)| |Rek(w)|
|1− 〈z, w〉|2n+t
dvn+t(w).
This gives
(6.3) |〈Qµek, ek〉| .
∫
Bn
|ek(w)| |Rek(w)|Stµ(w) dv(w).
If 1 < p ≤ 2, we use Ho¨lder’s inequality in (6.3) and the fact that
‖Rek‖A21 ≍ ‖ek‖H2 = 1
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to get
|〈Qµek, ek〉|
p .
∫
Bn
|ek(w)|
p |Rek(w)|
2−p Stµ(w)
p dv1−p(w)
Since∑
k
|ek(w)|
p |Rek(w)|
2−p ≤
(∑
k
|ek(w)|
2
)p/2(∑
k
|Rek(w)|
2
)(2−p)/2
≤ ‖Kw‖
p
H2 · ‖RKw‖
2−p
H2
. (1− |w|2)−np/2 (1− |w|2)−(n+2)(2−p)/2 = (1− |w|2)p−(n+2)
we get ∑
k
|〈Qµek, ek〉|
p .
∫
Bn
(∑
k
|ek(w)|
p |Rek(w)|
2−p
)
Stµ(w)
p dv1−p(w)
.
∫
Bn
Stµ(w)
p dλn(w).
This finishes the proof of the case 1 < p ≤ 2.
If p > 2, we use Cauchy-Schwarz inequality in (6.3) to obtain
|〈Qµek, ek〉|
2 .
∫
Bn
|ek(w)|
2 Stµ(w)
2 (1− |w|2)n dλn(w).
By the reproducing formula for Bergman spaces, for any β > 0, we have
Rβ−1,1ek(w) =
∫
Bn
Rβ−1,1ek(ζ) dvβ(ζ)
(1− 〈w, ζ〉)n+1+β
.
Hence,
ek(w) = Rβ−1,1R
β−1,1ek(w) =
∫
Bn
Rβ−1,1ek(ζ) dvβ(ζ)
(1− 〈w, ζ〉)n+β
.
Now, fix β > n and take ε > 0 with ε < min
(
β, n
p−1
)
. By Cauchy-Schwarz and standard
integral estimates we have
|ek(w)|
2 .
(∫
Bn
|Rβ−1,1ek(ζ)| dvβ(ζ)
|1− 〈w, ζ〉|n+β
)2
.
(∫
Bn
|Rβ−1,1ek(ζ)|
2 dv1+β+ε
|1− 〈w, ζ〉|n+β
)
(1− |w|2)−ε.
This gives
|〈Qµek, ek〉|
2 .
∫
Bn
|Rβ−1,1ek(ζ)|
2
(∫
Bn
Stµ(w)
2 (1− |w|2)n−ε dλn(w)
|1− 〈w, ζ〉|n+β
)
dv1+β+ε(ζ).
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Because ‖Rβ−1,1ek‖A21 ≍ ‖ek‖H2 = 1, using Ho¨lder’s inequality with exponent p/2 > 1 we
obtain
|〈Qµek, ek〉|
p .
∫
Bn
|Rβ−1,1ek(ζ)|
2Cµ(ζ)
p/2 dv1+(β+ε)p/2(ζ),
with
Cµ(ζ) :=
∫
Bn
Stµ(w)
2 dv−1−ε(w)
|1− 〈w, ζ〉|n+β
.
As ∑
k
|Rβ−1,1ek(ζ)|
2 .
∥∥Rβ−1,1Kζ∥∥H2 . (1− |ζ |2)−(n+2),
we get ∑
k
|〈Qµek, ek〉|
p .
∫
Bn
Cµ(ζ)
p/2 (1− |ζ |2)(β+ε)p/2 dλn(ζ).
Finally, by Ho¨lder’s inequality and the typical integral estimate,
Cµ(ζ)
p/2 .
(∫
Bn
Stµ(w)
p
|1− 〈w, ζ〉|n+β
dv−1−εp+ε(w)
)(∫
Bn
dv−1+ε(w)
|1− 〈w, ζ〉|n+β
) p
2
−1
.
(∫
Bn
Stµ(w)
p
|1− 〈w, ζ〉|n+β
dv−1−εp+ε(w)
)
(1− |ζ |2)(ε−β)(
p
2
−1).
Inserting this into the previous estimate, using Fubini’s theorem and Lemma G we conclude
that ∑
k
|〈Qµek, ek〉|
p .
∫
Bn
Stµ(w)
p
(∫
Bn
(1− |ζ |2)β+ε(p−1)
|1− 〈w, ζ〉|n+β
dλn(ζ)
)
dv−1−εp+ε(w)
.
∫
Bn
Stµ(w)
p dλn(w).
This finishes the proof. 
Proposition 15. Let 0 < p ≤ 1, µ be a positive Borel measure on Bn, and suppose that
Qµ ∈ Sp(H
2). Then, for any r-lattice {ak} on Bn, we have∑
k
(
µ(D(ak, r))
(1− |ak|2)n
)p
<∞.
Proof. Fix R > 0 big enough to be chosen later, and partition the lattice {ak} into M
subsequences such that any two distinct points bj and bℓ in the same subsequence satisfy
β(bj , bℓ) ≥ R. Let {bj} be such a subsequence and consider the measure
ν =
∑
j
µχj,
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where χj denotes the characteristic function of the Bergman metric ball Dj := D(bj , r).
Fix an orthonormal basis {ej} ofH
2, and consider the linear operator A : H2 → H2 defined
by Aej = h
t
j for a sufficiently large t, where
htj(z) =
(1− |bj|
2)(n+2t)/2
(1− 〈z, bj〉)n+t
.
For a large t, the operator A is bounded on H2. Then the operator S = A∗QνA is in
Sp(H
2) with ‖S‖Sp . ‖Qν‖Sp. Split the operator as S = D + E, where D is a diagonal
operator. We have
‖S‖pSp ≥ ‖D‖
p
Sp
− ‖E‖pSp.
We can estimate the diagonal term as follows.
‖D‖pSp =
∑
j
∣∣〈Dej, ej〉∣∣p =∑
j
∣∣〈Qνhtj , htj〉∣∣p
=
∑
j
(∫
Bn
|htj(z)|
2 dν(z)
)p
≥
∑
j
(∫
Dj
|htj(z)|
2 dν(z)
)p
≥ C
∑
j
(
µ(Dj)
(1− |bj |2)n
)p
.
For the non-diagonal term, we can proceed almost exactly as in the proof of Lemma 12 in
[31]. We only sketch some details. First, one has the estimate
‖E‖pp ≤ C
∞∑
i=1
µ(Di)Ii,
where
Ii =
∑
j 6=m
|htj(bi)h
t
m(bi)|
p =
∑
j 6=m
[(1− |bj|
2)(1− |bm|
2)]pt+pn/2
[|1− 〈bi, bj〉||1− 〈bi, bm〉|]pn+pt
.
Denote
GR = {(z, w) ∈ Bn × Bn : β(z, w) ≥ R− 2r}.
Then,
Ii ≤ C(1− |bi|
2)−pn
∫ ∫
GR
[(1− |z|2)(1− |w|2)]pt+pn/2−n−1dv(z)dv(w)
[|1− 〈z, bi〉||1− 〈w, bi〉|]pt
.
Since (1− |z|2)(1− |w|2) ≤ 4|1− 〈z, bi〉||1− 〈w, bi〉|, we obtain
Ii ≤ C(1− |bi|
2)−pn
∫ ∫
GR
dv(z)dv(w)
[|1− 〈z, bi〉||1− 〈w, bi〉|]n+1−pn/2
.
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Now, choose x ∈ (1,∞) so that
A = x(n + 1− pn/2) < n+ 1.
It follows that
Ii ≤ C(1− |bi|
2)−pnv2(GR)
1/x′,
where
v2(GR) =
∫ ∫
GR
dv(z)dv(w)
tends to zero as R→∞. Therefore, there exists a constant C ′ so that
‖S‖pp ≥ (C − C
′v2(GR)
1/x′)
∞∑
i=1
(
µ(Di)
(1− |bi|2)n
)p
.
Recall that the original lattice was partitioned into M subsequences that all satisfy this
bound. Therefore the claim follows. 
6.1. Proof of Theorem 10. The equivalence between (b) and (c) is Proposition 9. The
implication (b) implies (a) is proved in Proposition 13 (case 0 < p ≤ 1) and Proposition
14 (case p ≥ 1). Finally, Proposition 13 gives the implication (a) implies (b) for p ≥ 1,
and the implication (a) implies (c) for 0 < p ≤ 1 is Proposition 15.
7. Applications to weighted composition operators, Volterra type
integration operators and Carleson embeddings
In this section we provide applications of our results on the Toeplitz type operator
Qµ in order to study the membership in the Schatten ideal Sp of weighted composition
and Volterra type integral operators acting on H2. We also obtain a description of when
the Carleson embedding Rµ(f) = f is in Sp(H
2, L2(µ)) for positive Borel measures µ in Bn.
For a holomorphic function ϕ : Bn → Bn, the composition operator Cϕ is given by
Cϕf = f ◦ ϕ for f ∈ H(Bn). Observe that, as ϕ is a bounded holomorphic function
on Bn, it has radial limits ϕ
∗ almost everywhere. Given a function u ∈ H(Bn), the
weighted composition operator Wu,ϕ is given by Wu,ϕf = uCϕf for f ∈ H(Bn). We refer
to [6, 7, 26, 27] for studies of weighted composition operators acting on Hardy spaces. If
Wu,ϕ is acting on H
2, then clearly u ∈ H2, and therefore it has radial limits u∗ almost
everywhere. Also it is well known and easy to see that (Wu,ϕ)
∗Wu,ϕ = Qµu,ϕ , where µu,ϕ is
the measure defined on Borel sets E ⊂ Bn by
µu,ϕ(E) =
∫
ϕ−1(E)∩ Sn
|u∗(ζ)|2 dσ(ζ).
Since Wu,ϕ belongs to Sp(H
2) if and only if Qµu,ϕ ∈ Sp/2(H
2), and∫
Bn
dµu,ϕ(z)
|1− 〈z, w〉|2n+t
=
∫
Sn
|u∗(ζ)|2 dσ(ζ)
|1− 〈ϕ∗(ζ), w〉|2n+t
,
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in view of Theorem 10, we obtain the following description of when the weighted compo-
sition operator Wu,ϕ belongs to the Schatten ideal Sp(H
2).
Theorem 16. Let 0 < p < ∞, u ∈ H(Bn) and ϕ : Bn → Bn be holomorphic. Then
Wu,ϕ ∈ Sp(H
2) if and only if, for t > tp/2 one has
(7.1)
∫
Bn
(
(1− |w|2)n+t
∫
Sn
|u∗(ζ)|2 dσ(ζ)
|1− 〈ϕ∗(ζ), w〉|2n+t
)p/2
dλn(w) <∞.
As a consequence we can recover the result of Luecking and Zhu [18] on the membership
in the Schatten classes of composition operators acting on the Hardy space of the unit disk
D. We use the Nevanlinna counting function N∗ϕ defined as
N∗ϕ(z) =
∑
w:ϕ(w)=z
(1− |w|2), z ∈ D \ {ϕ(0)},
where the last sum is interpreted as being zero if z /∈ ϕ(D).
Corollary 17. Let ϕ : D→ D analytic and 0 < p <∞. Then Cϕ ∈ Sp(H
2) if and only if
N∗ϕ(z)
(1− |z|)
∈ Lp/2(D, dλ1).
Proof. For w ∈ D and t > tp/2, consider the function fw(z) = (1 − zw)
−1−t/2, and observe
that ∫
S1
dσ(ζ)
|1− ϕ∗(ζ)w|2+t
= ‖Cϕfw‖
2
H2 ≍ |Cϕfw(0)|
2 + ‖(Cϕfw)
′‖2A21.
By the change of variables formula (see [8]),
‖(Cϕfw)
′‖2A21
= 2
∫
D
|f ′w(ϕ(z))|
2 |ϕ′(z)|2 (1− |z|2) dA(z) = 2
∫
D
|f ′w(ζ)|
2N∗ϕ(ζ)dA(ζ),
where dA is the normalized area measure on D. In view of Theorem 16, we have Cϕ ∈
Sp(H
2) if and only if
(7.2) I(ϕ) :=
∫
D
(
(1− |w|2)1+t
∫
D
N∗ϕ(z) dA(z)
|1− zw|4+t
)p/2
dλ1(w) <∞.
From here, the necessity follows from the fact thatN∗ϕ satisfies the inequality (a consequence
of [8, Lemma 3.18])
N∗ϕ(w)
(1− |w|2)2+t
.
∫
D
N∗ϕ(z) dA(z)
|1− zw|4+t
.
When p ≥ 2, from (7.2) we obtain the sufficiency after an application of Ho¨lder’s inequality
with exponent p/2, and the typical integral estimate in Lemma G. The case 0 < p < 2
requires more work. Take an r-lattice {ak}, and let Dk = D(ak, r). Then∫
D
N∗ϕ(z) dA(z)
|1− zw|4+t
.
∑
k
1
|1− akw|4+t
∫
Dk
N∗ϕ(z) dA(z).
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By [30, Proposition 11.4], for z ∈ Dk we have
N∗ϕ(z)
p/2 .
1
(1− |z|2)2
∫
D(z,r)
N∗ϕ(ξ)
p/2dA(ξ) .
∫
D˜k
N∗ϕ(ξ)
p/2dλ1(ξ),
with D˜k = D(ak, 2r). This gives∫
D
N∗ϕ(z) dA(z)
|1− zw|4+t
.
∑
k
(1− |ak|
2)2
|1− akw|4+t
(∫
D˜k
N∗ϕ(ξ)
p/2dλ1(ξ)
)2/p
.
Since 0 < p/2 < 1, we get(∫
D
N∗ϕ(z) dA(z)
|1− zw|4+t
)p/2
.
∑
k
(1− |ak|
2)p
|1− akw|(4+t)p/2
∫
D˜k
N∗ϕ(ξ)
p/2dλ1(ξ).
Inserting this into (7.2) and applying the typical integral estimate, we obtain
I(ϕ) .
∑
k
(1− |ak|
2)p
(∫
D
(1− |w|2)(1+t)p/2dλ1(w)
|1− akw|(4+t)p/2
)∫
D˜k
N∗ϕ(ξ)
p/2dλ1(ξ)
.
∑
k
(1− |ak|
2)−p/2
∫
D˜k
N∗ϕ(ξ)
p/2dλ1(ξ).
As (1− |ak|) ≍ (1− |ξ|) for ξ ∈ D˜k, and because any point ξ ∈ D belongs to at most N of
the sets D˜k, we finally get
I(ϕ) .
∑
k
∫
D˜k
(
N∗ϕ(ξ)
1− |ξ|
)p/2
dλ1(ξ) .
∫
D
(
N∗ϕ(ξ)
1− |ξ|
)p/2
dλ1(ξ).
This finishes the proof. 
For a function g ∈ H(Bn), the Volterra type integration operator Jg is defined as
Jgf(z) =
∫ 1
0
f(tz)Rg(tz)
dt
t
, z ∈ Bn
for f holomorphic in Bn. An easy calculation provides the basic formula R(Jgf) = fRg
involving the radial derivative R and the operator Jg. If Jg : H
2 → H2, then it is well
known (and easy to see) that J∗gJg = Qµg with dµg = |Rg|
2dv1, where now J
∗
g denotes the
Hilbert adjoint respect to the inner product 〈f, g〉∗ = f(0)g(0)+
∫
Bn
Rf Rg dv1. Therefore,
Jg is in Sp(H
2) if and only if Qµg belongs to Sp/2(H
2). By Theorem 10, this is equivalent
to
(7.3)
∫
Bn
(
(1− |w|2)n+t
∫
Bn
|Rg(z)|2 dv1(z)
|1− 〈z, w〉|2n+t
)p/2
dλn(w) <∞,
34 JORDI PAU AND ANTTI PERA¨LA¨
for t > tp/2. From this condition, it is easy to see that Jg ∈ Sp(H
2) if and only if g belongs
to the analytic Besov space Bp when p > n, and g being constant when 0 < p ≤ n. This
recovers the results from [2] and [20]. Indeed, if (7.3) holds, by “subharmonicity” we get∫
Bn
(
(1− |w|2) |Rg(w)|
)p
dλn(w) <∞.
Hence (7.3) implies that g ∈ Bp for p > n and g constant when 0 < p ≤ n. Finally, if
p > n and g ∈ Bp we see that condition (7.3) is satisfied when p ≥ 2 after an application
of Ho¨lder’s inequality and the typical integral estimate. When n = 1 and 1 < p < 2, we
apply the inequality
|Rg(z)|p .
1
(1− |z|2)n+1
∫
D(z,r)
|Rg(ξ)|p dv(ξ)
and argue in a similar manner as in the case of composition operators.
The result obtained for the integration operator Jg can be generalized. By the Littlewood-
Paley inequalities we have
‖Jgf‖
2
H2 ≍ ‖R(Jgf)‖
2
A21
=
∫
Bn
|f(z)|2 dµg(z).
Hence we can view the operator Jg onH
2 as the Carleson embedding fromH2 to L2(Bn, dµg).
Next, we are going to characterize, for a positive Borel measure µ, when the Carleson em-
bedding Rµ : H
2 → L2(µ) := L2(Bn, dµ) is in Sp. An easy computation yields R
∗
µRµ = Qµ,
and from Theorem 10 we obtain the following description.
Theorem 18. Let µ be a positive Borel measure on Bn and 0 < p <∞. Then the Carleson
embedding Rµ is in Sp(H
2, L2(µ)) if and only if Stµ ∈ L
p/2(Bn, dλn) for t > tp/2.
This characterization can be compared with the result obtained by Smith [25] in the
case of the unit disk.
References
[1] P. Ahern and J. Bruna, Maximal and area integral characterizations of Hardy-Sobolev spaces in the
unit ball of Cn, Rev. Mat. Iberoamericana 4 (1988), 123–153.
[2] A. Aleman and A. Siskakis, An integral operator on Hp, Complex Variables 28 (1995), 149–158.
[3] M. Arsenovic, Embedding derivatives of M-harmonic functions into Lp spaces, Rocky Mountain J.
Math. 29 (1999), 61–76.
[4] L. Carleson, An interpolation problem for bounded analytic functions, Amer. J. Math. 80 (1958),
921–930.
[5] L. Carleson, Interpolations by bounded analytic functions and the corona problem, Ann. of Math. 76
(1962), 547–559.
[6] M. Contreras and A. Herna´ndez-Dı´az, Weighted composition operators on Hardy spaces, J. Math.
Anal. Appl. 263 (2001), 224–233.
[7] M. Contreras and A. Herna´ndez-Dı´az, Weighted composition operators between different Hardy
spaces, Integral Equations Operator Theory 46 (2003), 165–188.
[8] C. Cowen and B. MacCluer, ‘Composition Operators on Spaces of Analytic Functions’, CRC Press,
Boca Raton, Florida, 1995.
[9] P. Duren, Extension of a theorem of Carleson, Bull. Amer. Math. Soc. 75 (1969), 143–146.
A TOEPLITZ TYPE OPERATOR ON HARDY SPACES IN THE UNIT BALL 35
[10] P. Duren, ‘Theory of Hp spaces’, Academic Press, New York-London 1970. Reprint: Dover, Mineola,
New York 2000.
[11] C. Fefferman and E. Stein, Hp spaces of several variables, Acta Math. 129 (1972), 137–193.
[12] L. Ho¨rmander, Lp estimates for (pluri-)subharmonic functions, Math. Scand. 20 (1967), 65–78.
[13] M. Jevtic, Embedding derivatives of M-harmonic Hardy spaces Hp into Lebesgue spaces, 0 < p < 2,
Rocky Mountain J. Math. 26 (1996), 175–187.
[14] N. Kalton, Convexity, type and three space problem, Studia Mathematica, Volume: 69, Issue: 3,
(1982), 247–287.
[15] D.H. Luecking, Trace ideal criteria for Toeplitz operators, J. Funct. Anal. 73 (1987), 345–368.
[16] D.H. Luecking, Embedding derivatives of Hardy spaces into Lebesgue spaces, Proc. London Math.
Soc. 63 (1991), 595–619.
[17] D.H. Luecking, Embedding theorems for spaces of analytic functions via Khinchine’s inequality,
Michigan Math. J., Volume 40, Issue 2, (1993), 333–358.
[18] D.H. Luecking and K. Zhu, Composition operators belonging to Schatten classes, Amer. J. Math. 114
(1992), 1127–1145.
[19] J.M. Ortega and J. Fa´brega, Pointwise multipliers and corona type decomposition in BMOA, Ann.
Inst. Fourier (Grenoble) 46 (1996), 111–137.
[20] J. Pau, Integration operators between Hardy spaces on the unit ball of Cn, J. Funct. Anal. 270 (2016),
134–176.
[21] J. Pau and J.A. Pela´ez, Schatten classes of integration operators on Dirichlet spaces, J. Anal. Math.
120 (2013), 255–289.
[22] M. Pavlovic,On the Littlewood-Paley g-function and Caldero´n’s area theorem, Expo. Math. 31 (2013),
169–195.
[23] J.A. Pela´ez, Compact embedding derivatives of Hardy spaces into Lebesgue spaces, Proc. Amer. Math.
Soc., 144 (2016), no. 3, 1095–1117.
[24] W. Rudin, ‘Function Theory in the Unit Ball of Cn’, Springer, New York, 1980.
[25] M.P. Smith, Testing Schatten class Hankel operators and Carleson embeddings via reproducing ker-
nels, J. London Math. Soc. 71 (2005), 172–186.
[26] G. Stylogiannis, Weighted composition operators on Hardy spaces, Acta Sci. Math. (Szeged) 78
(2012), 213–239.
[27] C. Zhang and G.F. Cao, The role of BMOA in the boundedness of weighted composition operators
on the unit ball, Acta Math. Sin. (Engl. Ser.) 30 (2014), 323–330.
[28] R. Zhao and K. Zhu, Theory of Bergman spaces in the unit ball of Cn, Mem. Soc. Math. Fr. 115,
2008.
[29] K. Zhu, ‘Spaces of Holomorphic Functions in the Unit Ball’, Springer-Verlag, New York, 2005.
[30] K. Zhu, ‘Operator Theory in Function Spaces’, Second Edition, Math. Surveys and Monographs 138,
American Mathematical Society: Providence, Rhode Island, 2007.
[31] K. Zhu, Schatten class Toeplitz operators on weighted Bergman spaces of the unit ball, New York J.
Math. 13 (2007), 299–316.
Jordi Pau, Departament de Matema`tiques i Informa`tica, Universitat de Barcelona,
08007 Barcelona, Catalonia, Spain
E-mail address : jordi.pau@ub.edu
Antti Pera¨la¨, Departament de Matema`tiques i Informa`tica, Universitat de Barcelona,
08007 Barcelona, Catalonia, Spain, Barcelona Graduate School of Mathematics (BGS-
Math).
E-mail address : perala@ub.edu
